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Nuclear force and Nuclear shell model

Shell model Hamiltonian ~ H = ela a; + ZV,]k,;al alaay.
i jkl «~=’
input output

€ i:. single particle energies

Vijki . two-body matrix
elements

diagonalization

Nuclear properties

Binding energy, energy spectrum,
transition probability , etc--:

We would like to derive Shell model Hamiltonian based on Nuclear force and

many-body theories




Nuclear force and Nuclear shell model

Shell model Hamiltonian ~— H = Ela a; + ZV,Jkl;al alaay.
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Reduce interaction to the model space
perturbatively Fujita-Miyazawa interaction
Many-body perturbation theory



Effective interaction and the model space

The effective interaction or the effective Hamiltonian have to satisfy the following properties
A. The interaction is designed for the selected subspace of the whole Hilbert space

B. The interaction yields the same physics as the original interaction (wave functions and
eigenvalues)

Hamiltonian with D-dimension
H=Hy+YV, HY, =E)¥Y,), A=1,---,D.

- ~
Effective Hamiltonian with d-dimension (P-space) ’ ’ T TS \\ \
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Notation: projection operator P and Q ‘\ \ ’ /'
P: projection to P-space N 7
N O -—_- 7 s
[P,H,y] = [0, Hy] = 0. Sso__-"7
P2 — P, Q2 — Q
PO =0P =0,
[P, O] = 0.



Decoupling equation for the KK method

similarity transformation to transform bare interaction to effective interaction
H=e“He”, QwP = w.

decoupling condition
0=QHP =QVP—-wPHP + QHQw — wPV Qu,

bare interaction effective interaction

similarity transformation

o

Heﬁ? — Pq'{P
Vg = PVP + PVQuw.

It is needed to solve non-linear decoupling equation
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Formal solution of decoupling equation (KK method)

Assumption: the model space Is degenerate
PHyP = ¢P.

A possible solution of decoupling equation
0=QHP=QVP—-wPHP + QHQw — wPVQuw,

(e — OHQ)w = QVP — wPVP — wPVQw.

w (QVP — w (PVP + PVQw))

" & - QHOQ
1

" & - QHOQ

(QVP — wVe),

Introduce Q-box defined as an operator in P-space

A

O(E) = PVP + PVQ

1
E=OH QQVP,
. 1 d*Q(E)

— V) = Oe) + ) Ol VY

lterative equation for deriving the Effective inte%action for degenerate model space



Derivation via the time-dependent perturbation theory

Time-dependent operator In interaction picture

Ut ?)=lim lim ’)n f dr, f dty - - f dt, T[H,(t)H, (1) - - - Hy(1,)].

€—0 ' —>—oo(1- ze)

Parent state: projection of P-space eigen-function ¢ o to P-space

d
=Y CPWo).  (PIPE)=0  A#u=12,---.D).

Yo _ .
= lim

m UQ,1)pa) H U(0, —o0)|pa) 5 U(0, —o0)|pa)
PalY1)  e0r——co(i-ie) (pa|U(0, 1))

> (AU, —0)p) — {palU(0, —c0)|o,)”

D D

U(0, —oo)|y) U(0, —oo)|3)
COE N g,
Z “ {palU(0, —c0)|p,) Z YalU(0, —0)lpy)”

a=1

B=1
HU(O, —00) is nearly equal to effective interaction Heff

Effective interaction Veff include Q-box and its infinite order repetition

Var = 0e) - 0@ [ Qe+ 0@ [ Qe [ Q-

O(E) = PVP + PVQp—rrs OVP
1 1 1
= PVP + PYQp—rm=s OVP + PY Qs s OVO s 5 OVP + -
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Q-box expansion

Q-box is the ingredient of effective interaction and approximated by perturbation theory

Q(E) = PVP + PVQ—— 1QHQQVP P is proj. operator to
_ PVP+ PV I e I v 1 Up model space
S e oo T T P E om0 CE— om0 T | Q=1-P

Folded diagram technique (Kuo-

" | | Krenciglowa method) to include the
AN WWQW infinite time repetitions of Q-box
A A
o (but only for the degenerate model
to1 ] f  space)
Veir = Q&) — Q' () f Oe) + Q' (&) f (&) f Q&)
A
A n A N A n—
Ot ‘ V= Qe+ Y Oule@) VN
k=1
A
Diagrams appearing in 2nd order Q-box OW(E) = 1 dOE)

k! dEK



Divergent problem of Q-box in non-
degenerate model space

(A) Folded diagram theory requires assumption that the model space is degenerate

(B) Naive perturbation theory leads a divergence in non-degenerate model space

Example

We need a theory which satisfies

(a) The assumption of degenerate
model space is removed

(b) Avoid the divergence
appearing in Q-box diagrams

Vah,c D Vpb,hd

(e t€)—€—€+€,—6

— EKK method as a re-summation
Energy denominator is zero scheme of KK method
—>

when €d- €b= €p- €n




Decoupling equation for the EKK method (formal solution)

Decoupling equation

0= QHP = QVP — wPHP + QHQw — wPVQuw,

Introduce energy parameter E
(E- QHQ)w = QVP — wPHP — wPVQuw,
H=H-E

Flé’flf) = Hpu(E) + Z QAk(E){Hé'Ef_l)}k, Hgu(E) = PHP + PVQ l OVP.
k=1 E-QHQ

~

Heff — Heff - Ea ﬁBH(E) — HBH(E) - Ea

Points:
1. Arbitrary energy parameter E is introduced
— results do not depend on the choice of E
2. Veff is substituted by Heff

3. Q-box and its derivatives are not changed, but evaluated at E
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-xtended KK method as a re-summation of the
perturbative series

EKK method is derived with the following re-interpretation of the Hamiltonian

H = Hy+V' e
i (E ----cr"‘]""[ﬁﬁ}; PVQ]
- \0" 0H,0) \ovP QVvQ

Change PHoP part of the unperturbed Hamiltonian

KK method EKK method
A 1 1
E)=PVP + PV VP =

O(E) T QE — QHQQ Hgu(E) = PHP + PVQE “OHO QVP.
g (O

Vi = O@) + ) Oueltvg ) AY = Hgu(E) + ) QW ENHG Y

k=1 k=1

\.

. One can take E so as to avoid the divergence !
. Final result does not depends on E.




Extended KK method as an analogy of Taylor series

KK method EKK method
Vi = Oe) + Z Ol Ve )" AY) = Hgn(E) + ) QW ENHG Y
k=1

=1 E = eF

ST RTERD D ICEy:

—1 k=1
Taylor expansion Taylor expansion

around x=0 around x=Ek

— Result does not depend on




—xample: EKK method avoids the divergences

EKK method KK method

Vah,cp Vpb,hd Vah,cp Vpb,hd

,

"E','—EC—Eb—Ep+Eh (e, +€)—€—€,+€ —6

We can choose E to avoid divergence !
Note that the choice of E is arbitrary and should give the same result if
the Q-box is calculated without any approximation.

Inversely, E-dependence is a measure of error coming from the
approximation



Diagrams appeari:

a b
(i)
(i) Wi(1))
(ii) {ala’|cyh(@)
(jii) {alala’anlc)}(@)

The argument of folded diagram
Is the same

— derivatives indicate the folded
diagram contribution

ng in EKK method

=e

=e

=e

a p a b p h
(ii) (iii)
o1y =e~"'y;) P-space
~iH}1 ( aZ a; c)) —pi(eatep)t aZ a; c), Q-space
i aZ az a; ) _pmieaterte—ant az az a; a,|c), Q-space

B VapVeyVys
(Ea - 6}/ - (Ea - E/B))(Gaf - Ey)
(€@-6)-(-) —(@-e)

€x — €3

=VapVey Vys

in the limit of & — ¢,
d (Vﬁyvyé)

@)w—@
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Effective interaction in degenerate sd-shell

Neutron-Neutron channel
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w/o Folded diagram contribution, the monopole and
the energy levels are depend on E, but the
dependence is disappear when the folded diagram
contribution added

Agrees with the theoretical consideration that the

results does not depend on E -

Monopole part of the interaction
between the orbit j and j

r_ 50QT+ DG Vealid Y
Tir S 27+ 1) '

Ve

Energy levels with respect to 0

Single particle energies are taken from
phenomenological interaction USD

reminder

- HY = Hen(E)+ ) OWENHS Y,
k=1

. He = Hey — E, Hpu(E) = Hpu(E) — E,



Effective interaction in degenerate sd-shell

Proton-Neutron channel
2.0 I | | | |

Monopole part of the interaction
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The same observation as NN channel reminder
L : - N = 1
1+ state is slightly more dependent on E than other 5 Hé?f) — Huu(E) + Z Qk(E){Hé?f Nk
states, but folded diagram contribution reduce the ' k=1

E-dependence by around 80 to 90 percent 5
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3N Interaction

T summatign with hole state
N N
Fujita-Miyazawa type Effective
3N interaction 2N interaction

Adding up effective 2N interaction derived from 3N
iInteraction to EKK 2N effective interaction

This i1s one of the lowest order interaction from 3N
force and for higher order we are working on--:

[1]1 T. Otsuka, T. Suzuki, J. D. Holt, A. Schwenk, and Y. Akaishi, Phys. Rev. Lett. 105, 032501 (2010).
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Monopole interactions

pn interaction (sdpf-shell)

nn channel (sdpf-shell)

- wFM
-— w/o FM

Ill‘llnll‘n
— T = "
I‘II-

/
2/
/
N A A B AN
g
9
&L

2.0

- w FM
- = w/o FM

I
o

T
—

95]

— =
2]
— T ®

N T I ) A
e
?
(q@)
¥

4.0

3.0

SPE set (MeV)

NN
N Lo
N QN
NPSININ
=3 o
~ O o
L —
ANl oy AN

~
S5 =m
T n O
D
O
-
O
Yy—
Z
) O
O o
P
9D =
S LU
D an
. U



ESPE (N=20

10

lj
P
Iy
..3.@ /
I D
\-‘- .. \
/. .
ol </

(ASIN) AdSH

-
Q\

16

-30



A-dependence of the TBMES

SR ' ' ' —] A-deps
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Energy (MeV)

Ground state energies
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iIsland of inversion and 3N
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al of inversion
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Ca Isotopes



Application to Calcium isotopes

setups S 2n
model space: full pfsdg-shell

(2hw excitation)
N3LO (Viowk 2.0 fm) 20 | R A—a pfsdgw3N|
MBPT up to 3rd order s
P+Q space: 17 hw

w and w/o 3N force
SPE modified
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Application to Calcium isotopes

E™* of Ca 1sotopes
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Occupation prob.
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M1 transition of 48Ca
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Figure from J. D. Holt, J. Menendez, J. Simonis, and A. Schwenk, Phys. Rev. C 90, 024312 (2014).



Odd isotopes
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Odd isotopes
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Summary and conclusion

Introduced EKK method to derive the effective interaction for the
shell model which is applicable to multi-shell system.

As the first application of EKK method, Ca isotopes and island
inversion in sdpf-shell is discussed.

island of inversion is well described

Ca isotopes need some more investigation
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Factorization and folded diagram method (KK) 1/2

U(0, =)o) = Uv(0, —c0)alalc) x U(0, —e0)lc),

U(0, —oo)lc) = Ug(0, —o0)lc) X (c|U(0, —0)|c),

V: Valence linked
Q: terminate as Q-space state

C: core state

Uy(0, =)o) = lxp) + lxo)-

D
Uv(0, ~00)lra) = D Uvg(0, =o)Xl Uy (0, —o0)lthe).
B=1

folded diagram

114
12 ¢

— tlc

)Xt2c

P: terminate as P-space state
Q: terminate as Q-space state

o)

p) =

34




Factorization and folded diagram method (KK) 2/2

Combining everything together,

d
U(0, —00)ra) = Ug(0, —e0)lcXclU(0, —o0)lc)y X Y Uvo(0, —eo)lis){(Wsl Uy (0, ~00)lra)
B=1

Energy of the core Effective interaction
d

d
Z biHUQ(O, —00)|cYUy (0, —c0) |y, ) = Z by E U (0, —00)|c)Uy (0, —c0) |, )
’ o =1

d
WUylUy (0, —00)|ghy Xc|U (0, —0)c)
p = N oo Py
7 Z ’ ©AlU(0, —o0)|02)

a=1

Divergences are canceled out !

Effective interaction Veff include Q-box and its infinite order repetition

Var = ) - 0'e) [ Qe+ 0'eo) [ Ot [ Ot

Q(E) = PVP + PVQ QVP

E- QHQ
1 1

1
= PVP + PVQ—— QHOQQVP +PVQ—— QHOQQVQE - QHOQQVP T
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Folded diagram and energy derivative

VapVipy Vys
(ea — € — (Ga _ Eﬂ))(ea _ 6)/)
(€@-6)-(a-) —(a-g)

€xr — €3

=VapViyVys
in the limit of ¢ — ¢,

d (Vp,V
— ( Py yé) X Va’g
dw\w-¢,/, _.

—» Folded diagrams can be calculated by energy derivative if the model space is degenerate

Final expression of the Ve

Ve = Oe) + ) Ole) Vi "V
k=1
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Factorization theorem in EKK method

Factorization theorem does not hold in EKK method naively
F + X '

re-summation

' — é X
Flnal expression + '

37 valence linked piece core part

H=Hy+V
=H)+V
= H, - P(E-H)P+V
=H,+V,+V,

Insert V1 vertex up to infinite order




