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Motivations

I Large-scale shell-model calculations are, at present, a
consolidated tool to investigate nuclear properties.

I The new physics coming from RIBs facilities provides a
challenging ground, since they are approaching the nuclear
driplines.

I Shell-model practitioners experience often the need to truncate
the number of configurations of shell-model basis to overcome
the computational complexity.
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Exact diagonalizations with a minimally modified realistic force lead to detailed agreement with
measured level schemes and electromagnetic transitions in Ca, Sc, Ti, V, Cr, and Mn.
Gamow-Teller strength functions are systematically calculated and reproduce the data to within the
standard quenching factor. Their fine structure indicates that fragmentation makes much strength
unobservable. As a by-product, the calculations suggest a microscopic description of the onset of
rotational motion. The spectroscopic quality of the results provides strong arguments in favor of
the general validity of monopole corrected realistic forces, which is discussed.

PACS number{s): 21.10.—k, 27.40.+s, 21.60.Cs, 23.40.—s

I. INTRODUCTION

Exact diagonalizations in a full major oscillator shell
are the privileged tools for spectroscopic studies up to
A 60. The total number of states —2" with d = 12,
24, and 40 in the p, sd, and pf shells, respectively—
increases so fast that three generations of computers and
computer codes have been necessary to move &om n = 4
to n = 8 in the pf shell, i.e., from four to eight valence
particles, which is our subject.
A peculiarity of the pf shell is that a minimally mod-

ified realistic interaction has been waiting for some 15
years to be tested in exact calculations with a sufficiently
large number of particles, and as we shall explain in due
course n = 8 happens to be the smallest for which suc-
cess was practically guaranteed. In the test, spectra and
electromagnetic transitions will be given due place but
the emphasis will go to processes governed by spin op-
erators: beta decays, (p, n) and (n, p) reactions. They
are interesting —perhaps fascinating is a better word-
on two counts. They demand a firm understanding of
not simply a few, but very many levels of given J and
they raise the problem of quenching of the Gamow- Teller
(GT) strength.
As by-products, the calculations provide clues on ro-

tational motion and some helpful indications about pos-
sible truncations of the spaces. The paper is arranged as
follows.
Section II contains the de6nition of the operators.

Some preliminary comments on the interaction are made.
In each of the following six sections, next to the name

of the nucleus to which it is devoted, the title contains a
comment directing attention to a point of interest. The
one for Ca is somewhat anomalous.
In Sec. IX, the evidence collected on GT strength is

analyzed. Our calculations reproduce the data once we
adopt a quenching factor of (0.77) . We shall refer to it
as "standard" because it seems to represent some consen-

sus among workers in the field [1]. The fine structure of
the strength function indicates that fragmentation could
make impossible the observation of many peaks. Several
experimental checks are suggested.
In Sec. X we examine the following question: Why, in

the sd shell, have phenomenologically fitted matrix ele-
ments been so far necessary to yield results of a quality
comparuble with the ones we obtain here with a minimally
modified dualistic interactionq The short answer is that
monopole corrected realistic forces are valid in general,
but the fact is easier to detect in the pf shell.
Section XI contains a brief note on binding energies.

In Sec. XII we conclude.
The rest of the Introduction is devoted to a point of

notation, a review of previous work, and a word on the
diagonalizations.
Notations. Throughout the paper f stands for fr~2

(except of course when we speak of the pf shell) and
r, generically, for any or all of the other subshells
(pq~2 psl2 fs~2). Spaces of the type

f noneo + fn 'Ao 1 TLO+1 + + fn Tlo t no+& (I)
represent possible truncations: no is different &om zero if
more than eight neutrons are present and when t = n—no
we have the full space (pf)" for A = 40+ n.
Bibliogrnphical note. The characteristic that makes the

pf shell unique in the periodic table is that at t = 0 we
already obtain a very reasonable model space, as demon-
strated in the f" case (i.e., na ——0) by Ginocchio and
French [2] and McCullen, Bayman, and Zamick [3] (MBZ
in what follows). The no g 0 nuclei are technically more
demanding but the t = 0 approximation is again excellent
(Horie and Ogawa [4]).
The 6rst systematic study of the truncation hierarchy

was undertaken by Pasquini and Zuker [5,6] who found
that t = 1 has bene6cial effects, and t = 2 may be dan-
gerous and even nonsensical, while t = 3 restored sense
in the only nontrivial case tractable at the time (MNi).
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The feasibility of shell-model calculations is radically extended by the quantum Monte Carlo
diagonalization method with various essential improvements. The major improvements are made in
the sampling for the generation of shell-model basis vectors, and in the restoration of symmetries such
as angular momentum and isospin. Consequently the level structure of low-lying states can be studied
with realistic interactions. After testing this method on 24Mg, we present first results for energy levels
and E2 properties of 64Ge, indicating its large and g-soft deformation. [S0031-9007(96)01252-5]

PACS numbers: 21.60.Ka, 21.60.Cs, 24.10.Cn, 27.50.+e

The nuclear shell model has been successful in the
description of various aspects of nuclear structure, partly
because it is based on a minimum number of natural
assumptions. Although the direct diagonalization of the
Hamiltonian matrix in the full valence-nucleon Hilbert
space is desired, the dimension of such a space is too
large in many cases, preventing us from performing the
full calculations. The direct diagonalization has been
carried out up to 48Cr [1]. Recently, in order to relax this
restriction drastically, stochastic approaches, for instance,
the shell-model Monte Carlo (SMMC) method [2], have
been investigated. In fact, ground-state [3] and thermal
properties [4] have been well described by the SMMC
method.
We have presented the quantum Monte Carlo diagonali-

zation (QMCD) method [5] by utilizing the auxiliary field
Monte Carlo technique as in the SMMC method, but
in a quite different way. In general, low-lying states
of nuclei are described to a good extent in terms of
static and/or dynamic mean fields and their fluctuations.
The basic idea of the QMCD method is to diagonalize
the shell-model Hamiltonian, by using this property,
in a subspace spanned by a small number of selected
basis states obtained by stochastically generated one-body
fields. Thus, the ground state and several excited states
can be obtained. The QMCD method has been applied
to the interacting boson model [5,6]. In this Letter the
QMCD method is revised considerably in various aspects
so as to be capable of performing large-scale shell-model
calculations with realistic nuclear forces. As examples,
24Mg and 64Ge are taken. In particular, 64Ge is an
N ≠ Z proton-rich unstable nucleus manifesting a g-soft
structure, with a wide range of theoretical interpretations
(see Ref. [7]). Thus, the shell-model calculation can play
a crucial role for clarifying the level structure, but so
far such attempts have been impossible due to the large
dimension s,1 3 109d.
We first sketch the QMCD process very briefly, refer-

ring to relevant equations of Ref. [5]. More details on
certain basic points can be found in Ref. [5]. The shell-

model Hamiltonian consisting of single-particle energies
and a two-body interaction can be written in the quadratic
form of Nf one-body operators Oa :

H ≠
NfX

a≠1

µ
EaOa 1

1
2

VaO2
a

∂
. (1)

We consider the imaginary time evolution opera-
tor e2bH with Nt slices: e2bH ≠

QNt
n≠1 e2DbH ,

where Db ≠ byNt . By applying the Hubbard-
Stratonovich transformation at each time slice [8,9],
e2bH can be expressed as the integral of an operator,QNt

n≠1 e2Dbhs $snd, over Nf 3 Nt auxiliary fields san
[see Eq. (4) of Ref. [5]] with the Gaussian weight factor
Gssd ≠ exps2

P
a,n Dby2jVajs2

and. The one-body
Hamiltonian hs $snd is defined by

hs $snd ≠
X

a

sEa 1 saVasandOa , (2)

where sa ≠ 61 s≠ 6id if Va , 0 s.0d. In the QMCD
method, by generating a new set of values for s ≠ hsanj
stochastically according to Gssd, a new many-body state
is created as

jFssdl ~
NtY

n≠1

e2Dbhs $sndjCs0dl , (3)

where jCs0dl is an appropriate initial state. The Hamil-
tonian is diagonalized in the Hilbert subspace spanned by
this state and the basis states previously obtained. If this
new state improves the result of the diagonalization suf-
ficiently well, this state is added to the basis states. The
number of such basis states is referred to as the QMCD
basis dimension, and is increased until reasonable conver-
gence is achieved.
It is convenient to adopt basis states in the form of

Slater determinants:
QN

a≠1 ay
aj2l, where N denotes the

number of valence nucleons, j2l is an inert spherical
core, and ay

a represents the nucleon creation operator
in a canonical single-particle state a, which is a linear
combination of the spherical bases. Note that, if jCs0dl

0031-9007y96y77(16)y3315(4)$10.00 © 1996 The American Physical Society 3315
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Large-scale shell model

Large-scale shell model: shell model calculations performed within a
model space made up by a number of orbitals larger than usual.

An extended model space enables to study exotic (for shell model)
properties: collective motion, deformation, clustering, etc.

Dealing with many valence nucleons makes the diagonalization of the
shell-model eigenvalue problem quite demanding.
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An example: quadrupole collectivity in Cr isotopes
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The onset of collectivity in Cr
isotopes at N = 40 can be
explained at least within neutron
model space
1p3/2, 1p1/2, 0f5/2, 0g9/2, 1d5/2

1. H. L. Crawford et al., Phys.
Rev. Lett. 110, 242701
(2013).

2. N. Shimizu et al., Prog.
Theor. Exp. Phys. 2012,
01A205 (2012).

3. L. Coraggio et al., Phys.
Rev. C 89, 024319 (2014).
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An example: quadrupole collectivity in Cr isotopes

I In calculations [1] both proton model space is spanned by the four orbitals
0f7/2, 1p3/2, 1p1/2, 0f5/2 and the five neutron ones
1p3/2, 1p1/2, 0f5/2, 0g9/2, 1d5/2 outside 48Ca core, and the shell model basis is
truncated so to retain up to 14p− 14h excitations across the Z = 28 and N = 40
gaps.

I In calculations [2] both proton and neutron model spaces are spanned by the six
orbitals 0f7/2, 1p3/2, 1p1/2, 0f5/2, 0g9/2, 1d5/2 outside 40Ca core, and the
reduction of the matrices to be diagonalized is provided by the importance
sampling of the shell-model basis performed within the Monte Carlo Shell Model
(MCSM) approach.

I In calculations [3] a realistic shell-model interaction has been derived so to be
effective in a reduced proton model space spanned by the 0f7/2, 1p3/2 orbitals
and the five neutron 1p3/2, 1p1/2, 0f5/2, 0g9/2, 1d5/2 ones outside 48Ca.
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Calculations with a large number of valence nucleons need to employ
reduction/truncation schemes.

Those schemes need to be under control, convergence properties
and theoretical error estimates are an important tool to understand
the reliability of the shell-model calculations.
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A modest proposal

A “Poor Man’s Approach” to lighten the computational complexity of
diagonalizing a “mother hamiltonian” defined in a large shell-model
space:

I First step: analyze the evolution of the effective single-particle
energies (ESPE) of the “mother hamiltonian”, so to locate the
relevant degrees of freedom (single-particle orbitals) that
characterize the physical system.

I Second step: perform a unitary transformation of the “mother
hamiltonian” into a reduced model space, so to obtain an
effective hamiltonian that is more manageable from the
computational point of view.
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Valence-nuclei outside 88Sr
As a physical case, let us consider nuclei with valence nucleons
outside 88Sr.

Our interest: to study quadrupole collectivity around doubly closed
100Sn, considering explicitly Z = 50 cross-shell excitations.

Model space of the “mother hamiltonian”:
Proton orbitals Neutron orbitals

1p1/2
0g9/2
1d5/2 1d5/2
0g7/2 0g7/2
1d3/2 1d3/2
2s1/2 2s1/2
0h11/2 0h11/2
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The shell-model effective hamiltonian
The effective hamiltonian H75 is derived from a Vlow−k by way of the
time-dependent perturbative approach as developed by Kuo and his
co-workers in the 1970s (see T. T. S. Kuo and E. Osnes, Lecture
Notes in Physics vol. 364 (1990))

In this approach the effective hamiltonian Heff is expressed as

Heff = Q̂ − Q̂
′
∫

Q̂ + Q̂
′
∫

Q̂
∫

Q̂ − Q̂
′
∫

Q̂
∫

Q̂
∫

Q̂ · · · ,

I The so-called Q̂-box is a collection of irreducible valence-linked
diagrams

I The integral sign represents a generalized folding operation

Luigi Coraggio INFN, Napoli

Theory for open-shell nuclei near the limits of stability, May 11-29, 2015, Michigan State University and FRIB/NSCL



I Input VNN : Vlow−k derived from the high-precision NN CD-Bonn
potential with a cutoff: Λ = 2.6 fm−1.

I Heff obtained calculating the Q-box up to the 3rd order in Vlow−k.

I Single-particle energies and effective state-dependent charges
are taken from the theory
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Single-particle properties with H75

orbital proton s.p.e.
1p1/2 0.0
0g9/2 1.5
0g7/2 5.7
1d5/2 6.4
1d3/2 8.8
2s1/2 8.7
0h11/2 10.2
orbital neutron s.p.e.
1d5/2 0.0
0g7/2 1.5
2s1/2 2.2
1d3/2 3.4
0h11/2 5.1

nalaja nb lb jb 〈a|ep|b〉
0g9/2 0g9/2 1.62
0g9/2 0g7/2 1.67
0g9/2 1d5/2 1.60
0g7/2 0g7/2 1.73
0g7/2 1d5/2 1.74
0g7/2 1d3/2 1.76
1d5/2 1d5/2 1.73
1d5/2 1d3/2 1.72
1d5/2 2s1/2 1.76
1d3/2 1d3/2 1.74
1d3/2 2s1/2 1.76

0h11/2 0h11/2 1.72

nalaja nb lb jb 〈a|en|b〉
0g7/2 0g7/2 0.94
0g7/2 1d5/2 0.96
0g7/2 1d3/2 0.95
1d5/2 1d5/2 0.94
1d5/2 1d3/2 0.97
1d5/2 2s1/2 0.79
1d3/2 1d3/2 0.96
1d3/2 2s1/2 0.79

0h11/2 0h11/2 0.87
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Proton ESPE
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Neutron ESPE
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Truncating the model space

I The evolution of proton and neutron ESPE suggests a possible
reduction of both model spaces.

I By way of a unitary transformation we can derive a H4n
eff defined

in a reduced proton model space spanned only by 4 orbitals
1p1/2,0g9/2,0g7/2,1d5/2 and a neutron one spanned by both the
5 original orbitals or by only 2 orbitals 0g7/2,1d5/2.

I The physics of two valence-nucleon systems is exactly
preserved.
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The unitary transformation
Let us sketch out the derivation of H4n.

The eigenvalue problem for H75 is:

H75|ψk 〉 = Ek |ψk 〉 k = 1, ...,N

H75 is the sum of the unperturbed single-particle hamiltonian H0 and
the residual two-body potential V

H75 = H0 + V .

The model space is splitted up in two subspaces P4n and Q3,5−n.
Since H0 is diagonal:

H0 = PH0P + QH0Q .
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The unitary transformation

The P-space eigenvalue problem is:

H4n|φk 〉 =
(
PHoP + V 4n) |φk 〉 = Ek |φk 〉 k = 1, ...,d

where |φk 〉 = P|ψk 〉.
The eigenvalue problem for H75 can be easily solved for the two
valence-nucleon systems (90Zr,90Sr,90Y), and consequently providing
the Ek , ψk .
The solutions of the equation for the effective residual interaction V 4,n

are given by:

V 4n =
d∑

k=1

(Ek − E0)|φk 〉〈φ̃k | ,

where |φ̃k 〉 are biorthogonal states defined as |φ̃k 〉〈φk ′ | = δkk ′
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Results for Zr isotopes
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Results for Mo isotopes
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A closer look to 94Mo
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A closer look to 94Mo
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Application to light tin isotopes

I At present there is a renewed experimental interest in the
physics of light tin isotopes:

1. A. Banu et al., Phys. Rev. C 72, 061305 (2005).
2. G. Guastalla et al., Phys. Rev. Lett. 110, 172501 (2013).
3. V. M. Bader et al., Phys. Rev. C 88, 051301 (2013).
4. P. Doornenbal et al., Phys. Rev. C 90, 061302 (2014).

I Observed quadrupole collectivity: a challenge for shell-model
calculations.

I To investigate the ability of realistic many-body calculations to
explain the mechanism of the enhanced B(E2) values
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Results with neutron degrees of freedom only

orbital single-particle energy
0g7/2 0.0
1d5/2 0.1
1d3/2 1.3
2s1/2 1.9
0h11/2 4.1

nalaja nblbjb 〈a|en|b〉
0g7/2 0g7/2 1.20
0g7/2 1d5/2 1.27
0g7/2 1d3/2 1.19
1d5/2 1d5/2 0.81
1d5/2 1d3/2 0.83
1d5/2 2s1/2 0.79
1d3/2 1d3/2 0.87
1d3/2 2s1/2 0.85

0h11/2 0h11/2 0.78
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B(E2)s in ligth tin isotopes
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Evidence: even if the theoretical neutron effective charges are larger
than empirical ones, the calculated B(E2)s are deficient with respect
the experimental ones.

Countermeasure: to tackle this problem including explicitly the proton
Z = 50 cross-shell excitations. We consider the model space above
88Sr core.

Drawback: the H75 hamiltonian acts in a model space too large to
diagonalize any tin isotopes.
When employing H45 we can diagonalize only the wavefunctions of
100−102Sn.
We need to employ the smaller model space with 4 proton and 2
neutron orbitals and diagonalize H42.
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ESPE of tin isotopes
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Results with H42
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Calculated neutron effective charges

100Sn core

nalaja nb lb jb 〈a|en|b〉
0g7/2 0g7/2 1.20
0g7/2 1d5/2 1.27
0g7/2 1d3/2 1.19
1d5/2 1d5/2 0.81
1d5/2 1d3/2 0.83
1d5/2 2s1/2 0.79
1d3/2 1d3/2 0.87
1d3/2 2s1/2 0.85

0h11/2 0h11/2 0.78

88Sr core

nalaja nb lb jb 〈a|en|b〉
0g7/2 0g7/2 0.94
0g7/2 1d5/2 0.96
0g7/2 1d3/2 0.95
1d5/2 1d5/2 0.94
1d5/2 1d3/2 0.97
1d5/2 2s1/2 0.79
1d3/2 1d3/2 0.96
1d3/2 2s1/2 0.79

0h11/2 0h11/2 0.87
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Conclusions

I A satisfactory description of light tin isotopes can be
achieved, with shell model calculations, only taking into
account Z = 50 cross-shell excitations explicitly.

I The introduction of a double-step procedure has allowed to
reduce the complexity of the computational problem by
deriving a new effective hamiltonian H42

eff . This may be
useful for other large scale shell-model calculations.

I We have found that a crucial role is played by the
calculation of both proton and neutron effective charges, in
order to reproduce the experimental B(E2)s.
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